The purpose of this lecture is, firstly, to describe the framework of the general-relativistic kinetic theory of gases and, secondly, to sketch some of the advances which have been made in this field during the last few years. Minkowski is clearly visible.
CHAPTER II. REMARKS ABOUT GENERAL RELATIVITY THEORY
In Einstein's theory~f gravitation spacetime, the arena of all physical processes, is assumed to be a four dimensional manifold which carries a pseudoriemannian metric. The metric tensor gab can locally be transformed to the Minkowski-form gab = diag. (I,I,I,-i).
It determines the light-cones, the distinction between time-like, space-like and null (or light-like) vectors, it defines the causal structure of spacetime, and it establishes (part of) the connection between the mathematical formalism and Physics by providing definitions of (proper) times and distances. At the same time, the ten functions gab(X c) which, in the presence of inhomogeneous gravitational fields, cannot be transformed into constants by coordinate transformations in finite regions, act as potentials of the gravitational field. In a weak, quasistationary field, e.g., one
has approximately ds 2 = gabdxadx b z d~ 2 (I + 2~2 )c2dt 2 ,
where U is the Newtonian gravitational potential, and in more general situations all ten gab'S contribute to the field.
Just as in Newtonian theory the potential U is related to the mass density p of matter by Poisson's equation vzU = 4~Go, so in
Einstein's theory of gravitation the metric field gab is coupled to matter by the field equation
Here, the Einstein tensor G ab is a symmetric second-rank tensor constructed from the gab'S and their first and second derivatives, and T ab is the stress-energy-momentum tensor of all the matter (particles and non-gravitational fields) present.
Here and in the sequel, the convention G = i , c = i is used; later we shall also In a gravitational field, eq. (2) is no longer a local conservation law, but expresses the response of matter to gravity;
it restricts (and in simple cases determines) the motion of bodies.
As will be indicated later, eq. (2) can be derived from simpler assumptions in kinetic theory, independently of the field equation (i) . (1) can be considered as given; one is faced with the problem of finding T ab "simultaneously" all the quantities gab' etc. such that they satisfy eq. (I) "selfconsistently".
In macroscopic applications of general relativity theory the standard model of matter has been the per fec t fluid , given by its a energy density ~, its (isotropic) pressure p, and its 4-velocity u (a timelike unit vector tangent to the streamlines); for it Tab = uuau b + p(gab + uaub).
In this case, eq. (2) One simple way to improve the description of matter is to turn to kinetic theory, as will be done now.
CHAPTER III. BASIC CONCEPTS AND LAWS OF RELATIVISTIC KINETIC THEORY
The theory to be outlined in this section was developed in small pieces over a long period of time.
The main steps have been taken by Juttner (1911 Juttner ( , 1928 , Synge (1954) , Walker (1936) , Lichnerowicz and Marrot (1940) , Chernikov (1960 Chernikov ( -1963 , Tauber and Weinberg (1961) , and Ehlers (1961) .* Papers concerned with applications, approximation methods, special solutions etc. will be mentioned in section IV; no attempt is made, however, to give a complete list of references.
The assumptions on which the kinetic theory of gases is based are the following:
(a) The interact.ions between the particles constituting the gas can be divided into long range forces and weak, short range forces such that (a) the long range forces can be accounted for in terms of a mean 1 field generated collectively by the particles of the gas through macroscopic field equations, and (a) the short range forces can be taken into account in terms of 2 (elastic or inelastic) point-collisions whose probability of occurence is governed by cross-sections taken from a special-relativistic scattering theory.
In accordance with this, it is assumed that (b) between collisions, particles move like test particles in the mean field.
Finally, the usual assumption is made that (c) the pattern of world-lines and collision events may be treated as a random structure whose (physically relevant) properties can be described by smooth expectation values.
See references [7], [8], [9], [i0], [I], [ii], [12], respectively.
These assumptions are physically plausible for dilute gases.
Their justification from first principles of many-particle dynamics is a formidable problem which is not attempted here; rather, we follow Boltzmann in formulating directly laws in a suitably defined one-particle phase space which seem reasonable under the above assumptions.
As the only long range interaction we shall here take gravitation; electromagnetic fields can easily be included in an 
form the components of the Riemannian connection associated with gab" The best plan to overcome this difficulty is, not to use arbitrary, non-inertial frames of reference with a necessarily highly arbitrary splitting of spacetime into "space" and "time", but rather to look for the frame-independent meaning of the ordinary phase-space description, which can then be carried over to general relativity almost without change.
In geometric language the phase space description amounts to the following: In spacetime X = {x,t}, the motion of a particle is One can assign a size to a tube T of phase orbits by intersecting T with a hypersurface t = const, and forming the Lebesgue-measure
Id 3 x d3p of that intersection, using inertial coordinates.
According to Liouville's theorem, this size is independent both of the inertial frame used to compute it and of the instant t defining the cross section. Thus, the Lebesgue measure defines a measure ~ on M.
The description just given applies to (special and) general relativity immediately. The augmented phase space is here given by as /~, taken over any cross section of T.
The state or, rather, the histor Z of an individual gas can be described by specifying those segments of phase orbits which are occupied by particles. It follows* from assumption (c) that the (average) number of occupied states (~ phase orbit segments)
intersecting a hypersurface H of M can be expressed as an integral (0), (7), (ii), and (12) reduce to the well known gravitational Vlasov equation
It is apparent from the meaning of f that the moments
Px
Tab(x) = I papbf~, N a is the p ar.ticle 4-current density (also called numerical flux), and T ab is the k inet.ic stress energy momentum tensor of the gas described by f. In a similar way higher order moments can be defined.
Since N a is timelike, one can factor it into a non-negative scalar a n and a timelike unit vector u ; N a ua.
= n (Ua ua = -1) (15) An observer travelling with 4-velocity u a will observe no particle flux and will measure the particle density n. Hence, in accordance with nonrelativistic terminology one might call u a the mean 4-velocity of the gas, and n, the proper particle density.
* See, e.g.,references [2] , [4] , [5] .
T ab Any tensor constructed via eq. (14) can be decomposed uniquely as* -ab Tab = ~ ~a 5b + P (16) wi th --a abSb
An observer travelling with 4-velocity u would, consequently, find the gas to have a vanishing momentum density. Thus, ~a could also be considered to be "the" mean 4-velocity of the gas. In general, however, 5 a ~ u a. The physical reason for this is, of course, the velocity-dependence of the (relative) inertial mass of a particle.
For clarity, u a is called the kinematical mean 4-velocity, and ~a is called the dynamical mean 4-velocity of the gas (Synge 1956, [13] ).
(For a multicomponent gas the ambiguity in the choice of a mean 4-velocity is even greater; to avoid confusion, it is necessary to define precisely which mean velocity is used in a particular context.)
With respect to any mean 4-velocity u a, T ab can be uniquely The quantities v, p, qa, nab represent the energy density, mean kinetic pressure, .energy current density, and shear viscosity with respect to u a, respectively. We shall henceforth choose the u a in 618) to be the kinematical mean 4-velocity; then qa is also called Similarly, differentiation of the entropy flux (eq. (22) (27) where T > 0, and u a is a timelike unit vector t. Eq. (27) 14) and to set up the Einstein equation (i) . In this way, several solutions of the equations (I), (12) which provide models of relativistic star clusters have been constructed and have been used to estimate the quasistatic evolution of such objects (see references [17] , [18] ). Also, the stability of such systems against radial perturbations has been studied in a series of * The action of any isometry group of a spacetime X can easily be extended to the phase space M; thus it is meaningful to speak of the invariance of f with respect to such a group.
beautiful papers (references [19] , [20] For further applications of kinetic theory to cosmology see references [4] , [24] , [25] , and for some more solutions of eqs. (I), (12) see reference [26] .
b.
In order to describe non-equilibrium situations one has to resort to approximation methods. Restricting attention to nearequilibrium cases, one can write the actual distribution function f as a "small" perturbation, a f = e ~+Bap (I + g) = f(0) (I + g),
of a local equilibrium distribution with parameters ~(x), ~ (x) a whose spacetime variation is to be determined from eq. (23) in conjunction with the small perturbation term g(x,p).
As in nonrelativistic theory one can verify by means of eqs. (22), (13), (14), (18) In relativity, even an isotropic expansion is connected with the production of entropy.
(For a critical discussion of this point and its bearing on cosmology, see [28] .)
Whereas the method just sketched gives only normal solutions of the Boltzmann equation, the method of moments is also capable of describing the "anormal" relaxation towards equilibrium which cannot be described in terms of the "equilibrium variables" n, ~, u a alone.
This method has been modified according to relativistic requirements by Marle [2b] and by Anderson and Stewart (see [3] and volume 9 by Stewart of these "Lecture Notes", [29] .)
The basic tool of this method is a complete orthogonal set of 
* For elegant proofs, see Marle [2b] .
for n = I, 2, ..., and conversely this infinite system of equations implies eqo [25) . Inserting the expansion (59), the right hand side n becomes a quadratic form in the a... or, equivalently, in the moments n of f, with coefficients expressible as integrals involving the H's.
Hence, (40) represents a system of differential equations for the moments of f which is equivalent to the Boltzmann equation.
If one now truncates the series (39) after a few terms and linearises the n truncated equations (40) in the a...'s one can obtain a tractable n system of partial differential equations for the a...'s (or the moments), and these then define a moment-approximation of eq. (23).
Keeping in (39) only the terms with n = 1 and n = 2, one gets the fourteen moment approximation (which corresponds to the nonrelativistic thirteen moment approximation of Grad) which gives just sufficient information to derive again eqs. (35) (and, after Stewart [29] , more general equations for gas mixtures with reactions).
In addition -and this is one of the principal advantages of this method compared with the first one -explicit integral representations are obtained for the transport coefficients ( [3] , [29] , [6b]). The results concerning ~ given above are confirmed and extended to arbitrary temperatures by this method. Moreover, this method permits to treat general, not only "normal" perturbations, and Stewart has shown [29] that the behaviour of the g-dependent part of T ab , the perturbed part of the stress tensor, is governed by a system of hyperbolic differential equations whose characteristics lie inside the light cone.
For a simple Boltzmann gas, the maximal velocity of propagation of such disturbances (relative to the fluid) is c(~)~2 " 0.8 c, which c should be compared with the upper limit z 0.58 c for the sound 3~-velocity of such a gas [14] . Thus, an old paradox connected with eq.
(35)3 ' the apparently acausal propagation of heat, has been resolved and has been shown to be due to an inadequate approximation.
Extensions of this method to relativistic quantum gases are due to Stewart [29] and Israel and Vardalas [30] .
As a last remark I wish to mention that a method which treats photons or neutrinos as a "gas" described by a distribution function, and which describes the medium with which this radiation interacts as a fluid -an approximation which is useful in astrophysical problemshas been worked out in general relativity by Lindquist [31] ; several applications of this theory of radiative transfer have been made, and more work along these lines is being carried out.
In conclusion it may be said that the basic conceptual and formal framework of relativistic kinetic theory is now well established, and that this new branch of statistical physics has proven to be a valuable tool of research which offers many possibilities for further investigation.
